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ABSTRACT

Uncertainty has been known as an unavoidable parameter since early steps of investigation on physical
phenomena. Therefore, to ensure validity of numerical simulations in the engineering applications, all of the related
uncertainty sources must be considered. The examination of uncertainty effects on the flow field and heat transfer
in the complex applications have been possible by recent advances in the computational fluid dynamics (CFD)
methods. In this paper, the analysis of the uncertainty quantification (UQ) of the transonic flow field around the
RAE 2822 airfoil is evaluated as a challenging problem in the CFD field under the effect of airfoil geometry
uncertainties caused by manufacturing tolerances. At first, the developed code of polynomial chaos expansion
(PCE) is validated on the several challenging and nonlinear test functions. Then, to construct geometrical
uncertainties in the RAE 2822 airfoil, the Karhunen-Loeve (KL) method is employed by using 18 random variables
and performing 2660 different CFD simulations. The obtained results from the non-deterministic pressure
coefficient around the airfoil show that the geometric uncertainties more strongly affect the place of occurrence and
the strength of the normal shock.

Keywords Uncertainty quantification, Polynomial chaos expansion, Efficient methods, Sensitivity analysis,
Computational fluid dynamic.
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® Polynomial chaos expansion
® Non-intrusive polynomial chaos expansion

! Accuracy

2 Non-deterministic

® Inaccurate

4 Uncertainty quantification



Yo (U‘)M 9 6))O9§)~a|) .........

cos RAE2822 |5 | Jo> (Syo 135 ol Copnlad poe (il o8

Sy5— CmpoS dadiged 5 Su s (Sl g 9 00,5 W)
ol ) a8 sei oo b, (Y = {y(l),y(Z)l...,y(N)}T e
b e J Loy ol yO = M(ED)
fmaloe cals Pl e JBas gy L i el 3
285 o
l[llio(:s“) wi(:s‘l) : Il)p('f1 Huo

Vo) W@ ) IH

L/Jo(:fN) ¥ (f”) IIJP(fN)J Uup

u(é1
= ui(_s‘s)
lup(:fN)J
o9y Sl dlmassai o Jgi gl ol ey o
Sl 0030 5 ool il Jgu 5w SBolaiad (5,5 digal
Al
O 4S5 dsleie PCE sloaal a sl Jdo a

A A Bes g0 CraS il ly 5 Lwgio polie cnlnly
DIV] 0585 o anlons (0) 5 (F) Ll 5l s s

™

pulx) = (u(x; ) = up(x) \p)

P P
o> = Var <Z ui(xm(f)) =D W) ©®

i=0 i=1

PCE os W)Lu.c‘ -y

J92 g @b -V
ool wl b conlad pae (g5l oS (gl atdlanngy oS
Y] Js— 5o (b o5 (55, — PCE g,
D) () bl & ygods ml ol sl 00 i e
P9
1—[ |4X, 1—+2‘Ll+ a; #
ool =1, q Xi 995)5 Slpiie ol po o8
solie Lo a; g wloois 2595 [0,1] (so3b jo el
g aibicw A plp g gooe oy )5 o w2l
D il s ol @ = [1,2,5,10, 20,50, 100, 500]

Sl Hedod O ysods Glgice |y Jg0 g Glomail ¥ 26
2,5 dwlxe 3 Loy,

Yol Cgz e Y
Sl loo pmé wgbl Glaloswin b —)-Y

&l PCE) 53] glalomaiz g, ¢ pol> allie 4o

Y =45 0.5 b s ccul sacs solaiwl UQ o
Ol 3o aS asl (o5 b ool Jae SO @ g0 M(E)
CaS b Joe gl Sl s § = {60,600, 8ad 5y
sl (6555 (5Lt e dsgazme 5 (QOI) | A BDle 550
Joil e wls @b 31§ (69959 o aSealin
335 aalss Bala 55y wil el e F(§) TS it
IV ogilasl 5 o V] (Ko Ol ey s 5 onliaal L

Jon & (69,959 Bolar sla e 4 S wisls lis
loasl 5l 6w S Ojgetr | Joe gl g se aril
aiyo b (Bolal lae nlpls 05 (o aslete (glabozaiz
by S5y oo [, § = G, ol puiiad (gl

P

w6 §) = ) W@V M

i=0

O pjaal) il aes Ol o Odax Slaws )oa«S

PAD) =+ /@iy M

aS sl s‘ﬁ—?:"" uy—ao-? Lﬁbui «Y) aJolro BN

P+1=(

A Gate 75 Loathi(§) 9 w93 s (Sl
2—=59 C’L’ A o as 03 o)..uu.a X Lgl.ﬁbé‘:\lvw
o M Sy elae F(§) S e Jois|
g s Sl 85 ol 52 o8 (s (§).w4 (€)= 9,
CHeSs e 5l esliial s 4y ol odle NVF] cl
1) slaglaleraiz «534,9 (1Bt o riie sl

i ol adlls W PCE blos gbbal olaca

,_S)LJ le.bolo.o wl.zo -v-y
¥ =z . . o s
arlos sl (W] g ) 35, ool gy 5o
4 Ml?bo u.us) sl 00l 0ol PCE JB.QJLA wlj.»o
N=2{P +1) ;jl acgarma lazl ;0 a5 sl &yq0 ol

2= ({é(l)l é(Z)r %y g(N)}) 605)5 @QL‘” )b)—f 4—’5“"’

® Least-square

! Quantity of interest

2 Joint probability distribution function
# Orthonormal

4 Regression



ELop ) ool
Sl o)l 5 (xSl @Ko o loges rizren

'
) ~0 Mean
o 1
3 < -,
- o <
L) "\
»
I3
v
= I
o )
n \
o
1 -
1 1 1}
\
|1|‘ v
y - o Virtance
] o
. .'(A
- : -0
< 10
; 1 .
o
|14
w =
10 L1 1L
N

(<)
() 5 5l (I 5 o slallas 1(Y) JSs
o5 gl slaboaiz lawo b, 5l eoliwl b uib g

q
1
D=1_[(Di+1)—1, Di=m (V)
i=1 :

s
1
Si1r"'»’:s = Bl_[Dl (A)
i=1

o > ol 5 goae g, 5l sdelcussds ol
UQ o5 Jsoo illas .culoos asll Y Joao jo
i VYN T g V] glallas b aiilys azdldnnsgs
Galedle anled (i e 1) @b Gl )ls 5 (e Sls
525 gt 5 slomail gl el isoa glbs yo0lie
A3 oo lis sl dan gl 1 Y 51 ieS olas
5 s0ae g Ll Jo jleasloamsd; mli :()) Jgue

s slas
(1) oo gz | PCE | od=i | palyly

) £2398 | e u
V.OYYVY EAR < YA o2
VA0 COAYA | -£evY S,
Y.YYFO < YPYY « YPAY S,
Vy.AYvY o FOA RS AA S3
<0+ YD R VS L S,
VABVA RS O BT ¢ Ss
ceeq | ... S
N R S,
T 5

oyl &b -Y-Y

azdliang (og; 2l ly son salesl wised
39 08,5 & g0ty S el o d SalS eleiyl b
Sy o 43S IS ol Julow g Coalad pae U]
DT sibios ) 209 4 olKial b5 VY]
f =sin(&)+7sin’(&,) +0.1E sin(&) D

‘{51:52’53} (5999 yel )y s 4 (S &6 )

&9 [_7['77] S o)l )0 SBeSy &jpodn a5 5l

L1, oolSinl s ol Ko 50 (V)5 el o
Aa3 oo olid E g 3l eslaul



Yv (0 ) Sa2 g (65,995 pal) oinnnt. s RAE2822 Jbsdpl Jo Sge )05 b > coshd pas g5lu oS

=0 Mcan
o'F 1

N a

= 10 N 1

E

= 10! Q\

A | ]
H" r \

i ]
1) 4-
1w w Tia
Ny
()
W v
Q
\ ~0-Variance
10 1 \, ;

':_: ' \'\.\l 1

E .

Eu,'[ o ]
10°F 1
1w "

' I '
N

(<)

(@) 5 5eSileo () yo (s slallas :(F) Sl

o gl slabemaiz Lo 5l oslaxwl b il

2 aBhdnwg Joo (i liel mls aods ok 4
il L as ols plas cadls g s d ab aw s,
laasges sloas 09530 wgil Glalazais 43 ye
el S (Ll glmosls 4y i Lz (ol
550,90 sldsigas slass «opl 2 ogdle w3 ls (5 Ko
ol ) Slwbw awaia b Ldow &b o 6l
Sygl Cass @ £1p0 5 eolazul b g sl o g0 S8

o gl ¥
S lwle Joo (90 —1-F

b (P9, 0, Ses oboj)l Hodaredn idu cnl po
lalone SVl Saaliys lne 1o gl (glalozaiz
O3l oo 0S5 ol yz Soakd pos T 4 (3l
il Bl 5l g e 4i5ls,; RAEYAYY Lgd

Olee (iS5 598 Sed g8 Jdo a1y g8l
Sl il ladiws Glgs o Jboy Sed b 650y

Jo,9 @U-Y-Y

3550 gin iolejl @b Glyieas Jso 5 Bolas b
Jsy5 ol Vb 8o Joo [VF] el s 5 15 )

Dehse B ) D ypeds
27ﬂ-u (Hu_ HI)

In(r/r,) 1+2L—T“2+T—u (V)
In(r/r,)ro K, T,

f:

Jo2,9 s Casloals &I Y Jgam j0 a5 jsb Lo

LQ;T Sod 45 o)l Bolal ;e code A (S
Y PR &9 u:-‘y.i: Oy gods

LVE] Jsoyer aoli yo (ol sl yeitio a555 (V) Jauzr

Jixl iy &b P

(100 921V 0] 1Sy r,

Voo g0 ] cslps

[YVe g V1050 -] ety

KERPRRRES JUPNIY

—| IT| |~

FAATR AT ROEINTS

[Ver gAY ] csless

— | T

DAYegvoA] coless

[AA004 VY- Fol cslgs, K,

b Cobad pae J ol 0 oad (b anld alis

w2y 23 Jae Gl Elgo TS (el
A3 oo i |y calidee (GYL-C8s sladigas sloas

Sl oebyls 5 Sl 2,50 lajlogas B S

L Jspys &b JolS gl glalazaiz Loy Sl

JUC R g uL‘“

{1
‘\ ‘0‘}LA CE
i
10 { ) 1
N
\'\
- S
= K [ ‘.\\
~o
107§ 1
104 A i i
0 0 30 [ S0 100
N,

gro0 )l ooliwl b Joo,9 ol ol Kan 75 :(Y) JSb




VPV ol g 5mb Vo,lod N Val> «Salizdg g Yl SLlSe (g = sode dsliladgs YA

-0.05
0.8} ~

+0.04

0.7 ——C i
o = 003 4
il S 8 oo

......... | TR TR SRS U N T SN SNUR S S S ST AR R A SR S A1

0 50 100 150 200

Mesh size (thousand cells)
)‘ oolazwl Lv dia.u} )| G)LA-I J)Lﬂ.a.w‘ @ :(&) ﬁ
Ly g Tp oyl g0 b dilises Sl slo aslits

N

s 1
e il
./

e

1

1

1

1

=

A

po

ST
e e e T |

|

oo ool lesle sla aScs 5l aiged g0 :(F) S5

) b e sl dladezaiz by o Slee b5
pae 5o Al (1l 5o by Cupalsd pue U]
Oty s LS Ll 8 g (cwsin lacoalas
5 lesS ages sl AVe g V] il suts aloul cilises
Gl s cpl 5T 5 5 (oo V] S
85 oy Eupalad s 5T sla Jao 8 Shes )
Lasgs RAEYAYY bl GlLbl ol > bld g awois
dis ol 0wl sas ol [N Ses 5 S8
Jdnl (Ll esgue I g)ls &5 luand Llys
M =0/734 951 b, Flo sae -V 3l o le it
Ol s, sae -V gaz o = 2/79 ales gl -Y
Re = 6/5 x 10°

e Sl 5l eoliztal b aad Slowloes alins ol o
ivs o @SLe SYolas 05 0 plonl CBgld sgume
S hssie S gk sl piueS Sangs SVolee
ST 5o ds; slagias g3l Jae (sl 45 A onds
i oo o3l [VY] ol LSl Vhowl wi¥go,55 Joe
sleslaiwl b oSls ¥olis jo olal> slap s colos
g a6 5lutinnS 53 &30 Sgsbioly g,
Cu 1y iy yolly 99 ln (b Jor gl & U5 5o

Jgbes olaai b (Gloslome &5 ¥ (59, Cp Ly o p2 9
O S0 aSll (pl jo .l oads ools oyl alise
aS s s Sl Jobw 6/5 X 102 gl ls Lopos asess
wobod o0yl Jolw 1/75 X 105 Sga> 4 (95 3,
$l665 4 0)lgn0 5l Slawle 0,5 gl alold laaSiss oyl
GaY 9 0il o 5yt ke a Canl ead Sl
Cadys slvasis S gillae 058 o canlis Cdol 23
el aien Jolw 2/7 X 10% 56/5 X 102 (gl ls a5
diled oo (ot bl 99 e sl | (Sslane
54/48 X 10* l)ls a s 55, slaa b aS Jl>o
55 0 6l |y SLeSy ol s Jsko 1/79 X 10°
b aSed ) Slolns anlsl ;o 1 oS oo i i yielb

ooliusl YU ool olule (gl ol 4/48 X 10*

59 oo oolai ] glawlre slaaSiil 5l diged 99 .04 oo
loas sols Las & S

! Upwind



va (u)lSue& 9 6))995)*0‘) .........

cos RAE2822 |5 | Jo> (Syo 135 ol Copnlad poe (il o8

Ay daio 5 Solal lacuand g5) (sa 1S Lo ;o
Gloysie Wgloe (28 oSy 5l Jaes ol
ouibls 5 yho bawgie Gl CSESy w55 L&y (Solad
[V3V3]™ oype 4 bl cliis o3l 1 i ol
IS8 50 il lgsS aas i o5g &l g o5 palie
o1 e il b A S e o ool L A
boo Pl oy @lgs il B g Al alS o3y polie
Ul og i 715 = 18 ol (\V) ala Jleno 51 oolizal

g a1 a5 10 b g9l (5985 Jann 5o

>0/95 av)

P
Zl i

ol Bolay e ng =18 (lls ol alius |V

e b o Kad g 005 Jae ;500 SS 5l Lo s (4l

Syso an [=V3,V3] o3k 15 o by 5 she Lawgie

slodwain 5l golaar @ JSKo )0 aiload a8 ClgisS
L 9o g, S Lo 3loolainl b onds adgi Bolas

Wloads eols

10" e

[T e P B M S Sl ISV SRS I A PO IR
4 6 8 w 12 14 18 18 20

Index

0 0.2 04 0.6 0.8 1
S/ Smax

ol )lggS atn o9 wlgi g oty polie :(A) S8
Jgd ! bla Slaisxe

50 Spmbad poe al lo a5 jebles alius ol o
31 AU ek pas (pl 3580 (o2 R nl dwoia
G5 e b o anain o b g cole anld o Las
So Sy Jogdpl dwain )3 Coabad pac .l ]
A5 hednl w2 ogee slivly jo LAliael ang
&L Sleslawl b jsSas Bolal duwg p 09 s0 48,5
Bgder By py O)gods il lgeS

R(s1,5;) = aze_lﬁT?SZI ayv)

Jsb b =0/2 ¢ Lae SBlyslo =0/002 o ,o a8
O Glaize 5; 51 398 alaly o ol Sinon
Vs o aiis Josdpl mlaw bl o bLAS
= Jleys slalop g ol pon a4 blas 1S Slatse
Gildas ailoads ools ylis Jusd ol 5l abads jo (o mlaw
=il ) o jo 18 ad 5l bla K6l p IS
@YU mhw 9 o> ad @ G Sl g 00d 90
V0] 950 398,15 Loy 31 ool b .oy oo aslol g8 ]
Ddse Jlosl p Sjype a4 dnain jo Lol pas

X690 =X+ ) higeniis) O
1S dwdin UL@.;A_L_..JH Saie X(s) ol a8
polie by an Ppody ol (sl anain jos 6
= Jbey Saa aites b)lgsS s ohyg &ls g 0%
ol 1y Jsd sl dwsois Slaises e gl 45 elans
aan Al ol o Gl ond asiail o p b aes
&8 @b L gsd Giga)lS b jo (JBolad sl e
PSRRI PR S IR IO
Oged S lpiSy pd Jloiol g @l b sla s
&9 €95 (P9 Sl pIn oSl il b (gl @je
gy 3 8es (b))l &5 iu cpl Slaal s (Bolai s

2,15 6 ol g (lalozr iz Lo

2 T T T T L | T =

A
\‘)‘!”“\PMUIM »t ’ 448400

. i l'\ Ii:;;
.‘“ "I (1111 \‘,ljl‘ J;“Nnﬂ 1
-0l “H‘Y.!(\(.\¥|‘|7H\‘.|l.\-ll
) = | | | L i i 1 1
kionl gan z oges slajls g5 Dlatie (V) S
RAEYAYY



Slolre &b (g5, gladigai 5P =3 4y il opdl
)| Calad pue LT s Jslow 4/48 X 10* L
J=ol5 sl lalozaiz s 6l > ol 50 05d 0
N =2660 & dolas ,sieng =18 Lp =3 age )
53 Sl 5L b Gl b e sl (Bolas aiges
Cp Jtd oo sl cabad pae LT gl 1) S
Lol W s 0 sl oads 0051 sl mhaw (59,
aaslio 55 V] () )LSen 5 o5 alKislejl sloosls
ol o Lass byl b 1) it gllas canl ous
Sy polie (ol aS Jb o wilass 3 15 +20 ol ks
ol odas s 45 0 ls glds Lawgie olie b Ll
2 pdnbolizl glacoalal pae sezg 5l (30 ol
HLid oo jlade j0 Ol psd sdes B,k 1ol Al
b gy A2 L olren o5 Jlo g Sgh Bl 4>l o
Lo ek pue cif i oo ol pln a5 oo 1y ol
5 &89 DL (5o Dl L oad a3 S 15 55 (pwain

s oo 8 il cou 1) Jloy Sab &

T =) & ] T8 =4 | A |

2 Jidnl (goin Coebad pas 5T s :(1) S8
ooliinl b hgdpl g )Lad 5 (o250 zolaw (59, JLad oo
D=3 a5l S oodl glabezaizr by |

S sleyguils s 5 an WY SOl 5 WY IS o

dlme e dae 5 JLad ol Slpil g lavgte
P =3 4wl opsl Glabexaiz by jloslinal b o
50 Sl o i s b gollas ailoads ools ol
&5 Jlep S 38 4l B3 5 Lo ice oyl o
b U bz 5l (2les jo el ol il oals
B JS el pae 1 Sl l BlS 5 s

R T T T T
0.06 -

0.04 -

Nominal nirfoil

0.02

Stochastic realizations

yfe

ap
—0.02 F
—0.04 p

—0.06 —

] PR SRR W SR T T i PR R S £ gy
=008 0.2 0.4 0.6 0.8 1

rie

ot pl awain Bolar sladiges 5l golows () JSC&
W}L}.’Lﬁ‘ —Y—f
Gl ol ( Slwlxe Jow (oo lael gl
PN ke 3 So5 oy mls b ol goue
L omwjliel ol b acul oad aslin Vo S
oo &l ol Ll Yl Soasl Joe 5l solasal
e ol ly ool 0ads 00 )51 g8l s (g9, Cp Lt

2) Oyge 4 ,las
P~ P

Cp = %meo% 430
) Sibiwl JLad Slup ol 0 a5 05 g0 iy

5 S S Kl S 5 4 3 oo 5 Uane Peng 920!
s Jo s Ve S Gillas s o1 oL > J&S
Shacalsl jo gy0mll ols Al islesl ol b sl 38155

Al asles colawl UQ Julow jo Sl &) Jde cpon

) Eaperiment

o 02 od 0.6 0x |
2 s b gous Jo  omw, el :(Ye) S0
Coxlad puc },JUT Lo Ll -Y-¥

Cpabad pae 5bcos RAEYAYY Jisd ol Gl bl Soo
led_Lo}..\..D L:_».u )| oola_wl l_v "\"5_“)&;0 45|)‘ GNM



A (U‘)M 9 6))995)*0‘) .........

cos RAE2822 |5 | Jo> (Syo 135 ol Copnlad poe (il o8

' ' -8
ons [*N] 0.1s 02 0.2s o3

L jloslanl b g8 ! Glbl #le sae ,gulS

P =345, JS u.)}.w] Sldezaiz

& S Ao -0
e 10T e Cuxlad pue U1 @ s ol o
orad é aim 5| comd RAEYAYY g8l LI
Slwdas jplaied al aloy hgdnl onijle LS9
555555 L 55 s S L 5l 0y ol e
8 b (Polal iie VA 5 (ales (il )lgsS i
padad pie JIUT ol el oo solitul ClgiSs
alss s e oS | Wiy alts b L LS5
YL Cilpeds 0 BLLI Jloy Sgd go3s 4l o Bum
Jley S5t 585 4l Bl 45 5 o it (ol Ja

C;.xx.lﬂ L> Ql_.>.j>- J‘ g;"")—’ BE) u"l-"“ui‘r' | ooloé)
JS i e 51 ST BT U 5 e

ol e s o Ll

A g

[1] Ghanem, R.G. and P.D. Spanos, Stochastic
Finite Element Method: Response Statistics, in
Stochastic Finite Elements: A Spectral Approach.
1991, Springer. p. 101-119.

[2] Wiener, N., The homogeneous chaos. American
Journal of Mathematics, 1938. 60(4): p. 897-936.

[3] Raisee, M., D. Kumar, and C. Lacor, A non-
intrusive model reduction approach for polynomial
chaos expansion using proper orthogonal
decomposition. International Journal for Numerical
Methods in Engineering, 2015. 103(4): p. 293-312.
[4] Salehi, S., et al., On the flow field and
performance of a centrifugal pump under operational
and geometrical uncertainties. Applied Mathematical
Modelling, 2018. 61: p. 540-560.

- . -
. ‘
0.05 0.1 0.15 0.2 0.25

2 ot nl gain Sl pas LT s (1Y) S
L ) ool b gl G Lid oy ,qilS

P =345 0 5l lS wgbl glalazois




\\C'Y UL"““"’) 9 ).»Jla sYo)Lo.:.: s\YAl} suS...aLuoj).s—‘ 9 s.:yl.a.w uS.uliA (5“«.@5).) —u’.o.LC ML.LASBO fY

[13] Ishigami, Tsutomu, and Toshimitsu Homma.
"An importance quantification technique in
uncertainty analysis for computer models." In [1990]
Proceedings. First international symposium on
uncertainty modeling and analysis, pp. 398-403.
IEEE, 1990.

[14] An, Jian, and Art Owen. "Quasi-regression."
Journal of complexity 17, no. 4 (2001): 588-607.

[15] Wang, Limin. Karhunen-Loeve expansions and
their applications. London School of Economics and
Political Science (United Kingdom), 2008.

[16] A. Mohammadi-Ahmar, M. Raisee, Multi-
fidelity uncertainty quantification of film cooling
flow under random operational and geometrical
conditions, International Journal of Heat and Mass
Transfer 152 (2020) 119548.

[17] A. Mohammadi-Ahmar, A. Mohammadi, M.
Raisee, Efficient uncertainty quantification of turbine
blade leading edge film cooling using bi-fidelity
combination of compressed sensing and Kriging,
International Journal of Heat and Mass Transfer 162
(2020) 120360.

[18] Sobol', I.y.M., On the distribution of points in a
cube and the approximate evaluation of integrals.
Zhurnal Vychislitel'noi Matematiki i
Matematicheskoi Fiziki, 1967. 7(4): p. 784-802.

[19] D. Kumar, M. Raisee, and C. Lacor, “An
efficient non-intrusive reduced basis model for high
dimensional  stochastic problems in CFD,”
Computers & Fluids, Vol. 138, pp. 67-82, 2016,

[20] S. Salehi, M. Raisee, M. J. Cervantes, and A.
Nourbakhsh, “Efficient uncertainty quantification of
stochastic CFD problems using sparse polynomial
chaos and compressed sensing,” Computers &
Fluids, Vol. 154, pp. 296-321, 2017,

[21] P. Cook, M. Firmin, and M. McDonald.
Aerofoil RAE 2822: pressure distributions, and
boundary layer and wake measurements. RAE, 1977.
[22] P. Spalart and S. Allmaras, “A one-equation
turbulence model for aerodynamic flows,” in 30th
aerospace sciences meeting and exhibit, p. 439,

[5] Carnevale, M., et al., Uncertainty quantification:
A stochastic method for heat transfer prediction
using LES. Journal of Turbomachinery, 2013.
135(5): p. 051021.

[6] Mohammadi, A. and M. Raisee, Effects of
operational and geometrical uncertainties on heat
transfer and pressure drop of ribbed passages.
Applied Thermal Engineering, 2017. 125: p. 686-
701.

[7] Knio, O.M., H.N. Najm, and R.G. Ghanem, A
stochastic projection method for fluid flow: I. basic
formulation. Journal of computational Physics, 2001.
173(2): p. 481-511.

[8] Lacor, C. and S. Smirnov. Non-deterministic
compressible  navier-stokes  simulations  using
polynomial chaos. in Proc. ECCOMAS Conf. 2008.
[9] Dinescu, C., et al., Assessment of intrusive and
non-intrusive non-deterministic CFD methodologies
based on polynomial chaos expansions. International
Journal of Engineering Systems Modelling and
Simulation, 2010. 2(1-2): p. 87-98.

[10] Xiu, D. and D.M. Tartakovsky, Numerical
methods for differential equations in random
domains. SIAM Journal on Scientific Computing,
2006. 28(3): p. 1167-1185.

[11] Xiu, D. and G.E. Karniadakis, Modeling
uncertainty in flow simulations via generalized
polynomial chaos. Journal of computational physics,
2003. 187(1): p. 137-167.

[12] Sobol’, llya M. "Theorems and examples on
high dimensional model representation.” Reliability
Engineering and System Safety 79, no. 2 (2003):
187-193.



